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Abstrat
Whenever the group Rn ats on an algebra A, there is a method to twist A to a new algebra Aθ
whih depends on an antisymmetri matrix θ (θµν = −θνµ = constant). The Groenewold-Moyal
plane Aθ(R
d+1) is an example of suh a twisted algebra. We give a general onstrution to realise
this twist in terms of A itself and ertain harge operators Qµ. For Aθ(R
d+1), Qµ are translation
generators. This onstrution is then applied to twist the osillators realising the Ka-Moody (KM)
algebra as well as the KM urrents. They give dierent deformations of the KM algebra. From one
of the deformations of the KM algebra, we onstrut, via the Sugawara onstrution, the Virasoro
algebra. These deformations have impliation for statistis as well.
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1. INTRODUCTION
i). Preliminaries
Let (M, g) be a Riemannian manifold with metri g. Suppose that RN (N ≥ 2) ats
as a group of isometries on M . Then RN ats on the Hilbert spae L2(M, dµg) of square
integrable funtions on M . The volume form dµg for the salar produt on L
2(M, dµg) is
indued from g. Hene this ation of RN is unitary.
We are interested just in the unitarity of the RN ation. Hene we an weaken the
isometry ondition. That is beause the ation of RN remains unitary if it leaves only dµg
invariant without neessarily leaving the metri g itself invariant.
Let λ = (λ1, . . . , λN) label the unitary irreduible representations (UIR's) of R
N
. Then
we an write
L2(M, dµg) =
⊕
λ
H(λ) , (1)
where RN ats by the UIR λ, or in ase of multipliity, by diret sums of the UIR λ, on
H(λ). RN being nonompat, we may have to write the diret sum as the diret integral.
But, as this issue is not important here, we will use the summation notation.
ii). The Twist
There is a general way of twisting the algebra of funtions on M using the preeding
struture.We now explain it.
If a = (a1, . . . , aN) ∈ R
N
and the group law is addition,we hoose λ suh that λ : a →
eiλ·a. Let fλ and fλ′ be two smooth funtions in H
(λ)
and H(λ
′)
, Then under the pointwise
multipliation
fλ ⊗ fλ′ → fλ fλ′ ,
where
(fλ fλ′)(p) = fλ(p) fλ′(p).
With p a point of M , we have that
fλ fλ′ ∈ H
(λ+λ′) . (2)
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Now suppose that θ (θµν = −θνµ = constant) is an antisymmetri onstant matrix in the
spae of UIR's of RN . We an use it to twist the pointwise produt to the ∗-produt ∗θ
depending on θ where
fλ ∗θ fλ′ = fλ fλ′ e
− i
2
λµθ
µνλ′ν . (3)
The resultant algebra Aθ(M) is assoiative beause of (2).
This algebra has been reviewed and developed by Rieel [1℄ and many others. Aθ(R
d),
the Moyal plane, is a speial ase of this algebra. In reent times, Connes and Landi [2℄
and Connes and Dubois-Violette [3℄, have onstruted the full nonommutative geometry
for speial ases of this algebra.
The disussion above shows that what is pertinent for the twist is not the ommutative
nature of the underlying algebra. Rather, it is suient to have an assoiative algebra A
graded by λ = (λ1, . . . , λN) ∈ R
N (N ≥ 2):
A =
⊕
A(λ) , A(λ)A(λ
′) ∈ A(λ+λ
′) . (4)
Then we an twist it to Aθ:
αλ ∗θ αλ′ = αλ αλ′ e
− i
2
λµθ
µνλ′ν , αλ,λ′ ∈ A
(λ),(λ′) .
We will illustrate this deformation as well using bosoni reation-annihilation operators and
the Ka-Moody (KM) algebra[18℄.
It is also possible to twist an assoiative algebra A to an assoiative algebra Aθ on whih
RN ats even if this ation is not unitary. If Vµ, with µ = 1, ..., N is a basis of vetor elds
for the Lie algebra of RN , and α, β ∈ A, then the twisted produt is the ∗-produt
α ∗θ β = αe
←−
V µθ
µν−→V νβ. (5)
However, if the RN ation is not unitary, we may enounter problems in physial appliations.
We remark that the grading lattie in (4) an even be periodi. Thus suppose that
A(λ1,λ2,...,λl+Ml,λl+1,...,λN ) = A(λ1,λ2,...,λN )
where Ml is the period in diretion l. Then it is enough for onsisteny that twisting matrix
θ in (3) satises
e−
i
2
Mlθ
lνλ′ν = 1 (no l sum)
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whih implies
θlνλ′ν =
4π
Ml
N , N ∈ Z
for eah hoie of λ′ν .
iii). Summary
In setion 2 we will apply this onstrution to a few examples as illustrations. Examples
inlude group and osillator algebras. In setion 3, we realise the twisted algebra in terms
of the elements of the original algebra and ertain harge operators Qµ. Suh realisations
are known in the theory of quantum groups, for instane in the q-osillator realisation of
Uq(su(2)).
Next in setion 4 we onstrut two dierent deformed KM algebras. First we deform
the KM algebra using twisted osillators. Seond we deform the KM generators diretly.
We then hek that the KM algebra remains Hopf after ertain deformations as well, but
with twisted oproduts. At last we obtain the Virasoro algebra, via Sugawara onstrution,
using the seond form of the deformed KM algebra. The Virasoro algebra we obtain is the
same as the usual one.
The deformation aets the R-matrix and the assoiated braid group representations.
That means that statistis is aeted by twisting as was emphasised in earlier papers [4, 5,
6, 7, 8℄. The abelian twist based on RN dealt with here does not hange the permutation
group governing partile identity in the absene of twist. But it does hange the spei
realisation of this group, with serious onsequenes for physis. We disuss the twisted
permutation symmetry in setion 5.
We have aknowledged ertain previous papers [1, 2, 3℄ for the origin of the ideas treated
in this paper. It also has overlap with the Fairlie-Zahos work on atavisti algebras [9℄. Our
prinipal onern is the systemati onstrution of deformed algebras in terms of undeformed
ones, and that appears to originate from our own previous work.
The method used for deformation of the algebras presented in this papers has similarities
with a method used in works of Naihong Hu [10, 11℄. In partiular, the deformed KM
algebras we obtained in the present work is the same as the olor KM algebra obtained in
[11℄.
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2. EXAMPLES OF ABELIAN TWISTS
As mentioned in the introdution, (M, g) is a Riemannian manifold on whih RN (N ≥ 2)
ats isometrially. The ommutative algebra A(M) is the algebra of funtions C∞(M) with
pointwise multipliation. With salar produt indued by g, we an onstrut the Hilbert
spae L2(M, dµg) whih an be deomposed as in (1). A(M) ≡ A0(M) ⊂ L
2(M, dµg) an
then be twisted to Aθ(M) using the presription (3). We now give examples of suh twisted
algebras.
i). The Moyal Plane Aθ(R
d+1)
In this ase Rd+1 ats on A(Rd+1) = C∞(Rd+1) by translations leaving the at Eulidean
metri invariant. The IRR's are labelled by the momentum λ = (p0, p1, . . . , pd). A basis for
H(p) is formed by plane waves ep with ep(x) = e
−ipµxµ
, x = (x0, x1, . . . , xd) being a point of
Rd+1. Following (3), the ∗-produt is dened by
ep ∗θ eq = ep eq e
− i
2
pµθ
µνqν . (6)
This ∗-produt denes the Moyal plane Aθ(R
d+1).
ii). Funtions on Tori
This example is a ompat version of the Moyal plane. The manifold M is the torus
TN (N ≥ 2). The group RN ats via its homomorphi image U(1)× U(1) × · · · × U(1) ≡
U(1)×N on TN leaving its at metri invariant. The IRR's are labelled by the integral lattie
ZN with points λ = (λ1, . . . , λN), λi ∈ Z. A basis for H
(λ)
is eλ,
eλ(p) = e
−iλiθi ,
with p = (eiθ
1
, . . . , eiθ
N
) being a point of TN . The ∗-produt is
eλ ∗θ eλ′ = eλ eλ′ e
− i
2
λµθ
µνλ′ν . (7)
It denes the nonommutative torus TNθ .
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iii). Funtions on Groups
Let G = { g } be a simple, ompat Lie group of rank N ≥ 2 with invariant measure dµ
and let TN be its maximal torus. We an denote its IRR's by λ = (λ1, . . . , λN), λi ∈ Z as
before. TN an at on G by left or right multipliation. Let us fous on the right ation and
the orresponding ation on L2(G, dµ). As this ation is unitary, we have the deomposition
(1). Now if fλ, fλ′ ∈ H
(λ),(λ′)
are two smooth funtions fλ, fλ′ ∈ C
∞(G), and fλ⊗fλ′ → fλ fλ′
is their pointwise produt, we an twist it:
fλ ∗θ fλ′ = fλ fλ′ e
− i
2
λµθ
µνλ′ν . (8)
Now TN ats on the right and left of G. That is, TN × TN ats on G and hene
unitarily on L2(G, dµ). We an use any of its subgroups of rank N ≥ 2 to perform the twist.
With this generalisation we an even hoose N = 1 and twist A(S3 ≃ SU(2)), whih is
C∞(SU(2)) ≃ C∞(S3) with pointwise produt.
We will be expliit about this twist. If {DJλ1,λ2 | J ∈ { 0,
1
2
, 1, . . . } } are the matrix ele-
ments of SU(2) rotation matries in the basis with third omponent of angular momentum
diagonal, we have the expansion
f =
∑
fJλ1,λ2D
J
λ1,λ2
, f ∈ C∞(G), fJλ1,λ2 ∈ C , (9)
by the Peter-Weyl theorem [12℄. The twisted produt is
DJλ1,λ2 ∗ D
K
λ′1,λ′2
= DJλ1,λ2 D
K
λ′1,λ′2
e−
i
2
λµθ
µνλ′ν , λ = (λ1, λ2), λ
′ = (λ′1, λ
′
2) . (10)
iv). Deforming Graded Algebras
Let aλ and a
†
λ (λ = (λ1, λ2, . . . , λN), N ≥ 2, λi ∈ R) be bosoni osillators,
[
aλ, a
†
λ′
]
= δλλ′ , [aλ, aλ′ ] =
[
a
†
λ, a
†
λ′
]
= 0 ,
where δ is the Dira delta and δλλ′ = δ
(N)(λ − λ′) if λi, λ
′
j take ontinuous values. If we
assign a harge λ to aλ and −λ to a
†
λ, then aλaλ′ and a
†
λa
†
λ′ have harges λ+ λ
′
and −λ− λ′
while aλa
†
λ′ and a
†
λ′aλ have harges λ− λ
′
. Thus aλ, a
†
λ′ generates a graded algebra A with
harge λ giving the grade:
A =
⊕
A(λ) , A(λ)A(λ
′) ⊆ A(λ+λ
′) . (11)
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This feature allows us to twist A to an assoiative algebra Aθ as before. Thus if αλ ∈ A
(λ)
,
αλ ∗θ αλ′ = αλ αλ′ e
i
2
λµθ
µνλ′ν . (12)
In partiular,
aλ ∗θ aλ′ = aλ aλ′ e
i
2
λµθ
µνλ′ν , a
†
λ ∗θ a
†
λ′ = a
†
λ a
†
λ′ e
i
2
λµθ
µνλ′ν ,
aλ ∗θ a
†
λ′ = aλ a
†
λ′ e
− i
2
λµθ
µνλ′ν , a
†
λ ∗θ aλ′ = a
†
λ aλ′ e
− i
2
λµθ
µνλ′ν .
Note that Aθ is graded:
Aθ =
⊕
A
(λ)
θ .
Following the treatment of A(S3), we an twist even osillators with just one label λ = λ1.
In this ase let λ1 takes values 1, 2 as an example so that ai and a
†
i are the Shwinger
osillators for SU(2). Arrange them as a matrix:
gˆ =

 a1 −a†2
a2 a
†
1

 , (13)
U(1)× U(1) ats on gˆ:
gˆ →

 e
iϕ
2 0
0 e−
iϕ
2

 gˆ

 e
iϕ
2 0
0 e−
iϕ
2

 .
The U(1)× U(1) harges q = (q1, q2) of ai, a
†
j are
a1 a2 a
†
1 a
†
2
q = (1, 1) (−1, 1) (−1,−1) (1,−1)
So we an label ai, a
†
j by q:
a1 = A(1,1) , a2 = A(−1,1) , a
†
1 = A
†
(−1,−1) , a
†
2 = A
†
(1,−1) ,
the q-harge of A†q being −q.
The osillators Aq, A
†
q are just like aλ, a
†
λ for N ≥ 2. Hene they an be twisted as
previously.
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3. Aθ IN TERMS OF A0 AND CHARGES
In this setion we show how to realise Aθ in terms of A and ertain harge operators.
This onstrution was used fruitfully in previous papers [7℄ [13℄.
The deformed produt was previously given in terms of the undeformed produt. It is
also possible to give it as a relation between elements of Aθ if A0 is ommutative. Sine
aλ ∗θ aλ′ = aλ aλ′ e
i
2
λµθ
µνλ′ν ,
aλ′ ∗θ aλ = aλ′ aλ e
− i
2
λµθ
µνλ′ν ,
then for abelian A0, the relation is that of Weyl:
aλ ∗θ aλ′ = e
i λµθ
µνλ′ν aλ′ ∗θ aλ .
Let us rst disuss this simple ase.
i). Deformations of Abelian Algebras
Let Qµ be the harge operator:
[Qµ, aλ] = −λµ aλ . (14)
Set
aˆλ = aλ e
− i
2
λµθ
µνQν . (15)
Then under the θ = 0, unstarred produts,
aˆλ aˆλ′ = aλ aλ′ e
− i
2
(λ+λ′)µθµνQνe
i
2
λµθ
µνλ′ν . (16)
Hene
aˆλ aˆλ′ = e
i λµθ
µνλν aˆλ′ aˆλ (17)
so that aˆλ's realise the ∗θ algebra.
ii). The Case A0 is Nonommutative
We now argue that Aθ an always be realised as in 3 i), also when A0 is nonommutative.
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Let A0 = A be a possibly nonommutative graded algebra as above: A0 = ⊕A
(λ)
0 . To
eah aλ ∈ A
(λ)
0 , we assoiate aˆλ by the rule
aˆλ = aλ e
− i
2
λµ θ
µν Qν . (18)
Then
aˆλ aˆλ′ = âλ aλ′ e
i
2
λµ θ
µν λ′ν . (19)
Hene the image Aˆ0 of A0 under the hat map is in fat losed under multipliation, that is,
is an algebra. It is also graded:
Aˆ0 =
⊕
λ
Aˆ
(λ)
0 (20)
Aˆ
(λ)
0 = Image under hat of A0. (21)
It is in fat a subalgebra of Aθ sine we also have (17) from (19).
Conversely, if we dene aλ by aλ = aˆλe
i
2
λµθ
µνQν
, then aλ's fulll the relations of A0. The
hat map being invertible, we onlude that Aˆ0 = Aθ and that the inverse map aˆλ → aλ
gives A0.
4. KAC-MOODY ALGEBRAS
Now we disuss SU(N) KM algebras. In the rst instane, we assume that N ≥ 3,
so that the rank of SU(N) is at least 2. The (omplexied) Lie algebra of SU(N) has a
basis Hi, E±α where Hi spans the Cartan subalgebra and E±α are the raising and lowering
operators:
[Hi, Hj] = 0 , [Hi, Eα] = αi Eα , i, j ∈ { 1, 2, . . . , N − 1 } .
There is an osillator onstrution of the KM algebra. We an twist the osillators
whih deforms the KM algebra. Or we an diretly deform the KM algebra. These sets of
deformations give dierent deformed KM algebras as we shall see.
i). Osillator Twists
Let ai, a
†
j (1 ≤ i, j ≤ N) be bosoni annihilation and reation operators. Then if
λa (a = 1, 2, . . . , N
2 − 1) are the N × N Gell-Mann matries of SU(N), we have the
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Shwinger onstrution of the SU(N) Lie algebra generators on the Fok spae:
Λα = a
† λα a
[Λa,Λb] = i fabc Λc . (22)
We an express Hi, Eα in terms of Λa in a well-known way.
We an also label a
†
j's by weights µ
(j)
suh that
[
Hi, a
†
µ(j)
]
= µ
(j)
i a
†
µ(j)
. (23)
Then aj has weight −µ
(j)
. We an write it as aµ(j) , using the negative of the weights as
subsript for a's.
For the KM realisation we need innitely many suh osillators pairs a
(n)
µ(j)
†
, a
(n)
µ(j)
(n =
0, 1, . . .), a0
µ(j)
†
, a0
µ(j)
being a
†
µ(j)
, aµ(j) . Their weights are ±µ
(j)
:
[
Hi, a
(n)
µ(j)
†
]
= µ
(j)
i a
(n)
µ(j)
†
[
Hi, a
(n)
µ(j)
]
= −µ
(j)
i a
(n)
µ(j)
.
As SU(N) now ats on all the osillators, the new Λa are
Λa =
∑
n≥0
a(n)† λa a
(n) . (24)
We an next do the twist:
a
(n)
µ(j)
†
, a
(n)
µ(j)
−→ aˆ
(n)†
µ(j)
, aˆ
(n)
µ(j)
where
aˆ
(n)†
µ(j)
= a
(n)†
µ(j)
e
i
2
µ
(j)
k
θkl Hl , (25)
aˆ
(n)
µ(j)
= a
(n)
µ(j)
e−
i
2
µ
(j)
k
θkl Hl . (26)
Observe thatHl's form a set of harge operators, i.e., [Hi, Hj] = 0, for all i, j = 1, ..., N−1.
ii). The Ka-Moody Deformations
As mentioned above, there are two ways to deform the KM algebra. The rst deformation
is indued by those of the osillators. In the seond, we deform the KM generators diretly.
They lead to dierent deformations of the KM algebra.
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a). From Twisted Osillators
The untwisted osillators give the KM generators
J (n)a =
∑
m
a(n+m)† λa a
(m) ≡
∑
m
a
(n+m)†
µ(j)
(λa)jk a
(m)
µ(k)
, (27)
J0a ≡ Λa , (28)
a(r), a(r)
†
= 0 if r < 0 .
We write the deformed KM generators Jˆ
(n)
a in terms of twisted osillators (25) and (26), so
that:
Jˆ (n)a =
∑
m
aˆ
(n+m)†
µ(j)
(λa)jk aˆ
(m)
µ(k)
. (29)
Substituting (25) and (26), we nd
Jˆ (n)a =
∑
m
a
(n+m)†
µ(j)
(λa)jk a
(m)
µ(k)
e−
i
2
µ
(j)
p θ
pq µ
(k)
q e
i
2
(µ(j)−µ(k))p θpq Hq
=
∑
m
a
(n+m)†
µ(j)
{
(λa)jk e
− i
2
ad
←−
Hp θ
pq −→H q
}
a
(m)
µ(k)
e
i
2
(µ(j)−µ(k))p θpq Hq , (30)
where adHp· = [Hp, ·] is the adjoint ation of Hp.
The exponential in braes ats only on osillators, in the manner already shown. The
Gell-Mann matries are thus eetively hanged to the operators
λˆa = λa e
− i
2
ad
←−
Hp θ
pq −→H q . (31)
We note that [
λa, e
− i
2
ad
←−
Hp θ
pq −→H q
]
= 0 . (32)
Hene [
λˆa, λˆb
]
= i Cab
cλˆc e
−i ad
←−
Hp θ
pq ad
−→
H q . (33)
Thus, we an write
Jˆ (n)a =
∑
m
a
(n+m)†
µ(j)
(λˆa)jk a
(m)
µ(k)
e−
i
2
ad
←−
Hp θ
pq Hq . (34)
Now
Jˆ (n)a Jˆ
(n′)
b =
∑
m,m′
j,j′
k,k′
(
a
(n+m)†
µ(j)
(λˆa)jk a
(m)
µ(k)
) (
a
(n′+m′)†
µ(j
′) (λˆb)j′k′ a
(m′)
µ(k
′)
)
×
× e
i
2
(µ(j)−µ(k))p θpq (µ(j
′)−µ(k
′))q × e−
i
2
ad
←−
Hp θ
pq Hq , (35)
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where ad
←−
H p is to be applied to all four osillators, so that
Jˆ (n)a
(
e
i
2
ad
←−
Hp θ
pq ad
−→
H q
)
Jˆ
(n′)
b =
∑
m,m′
j,j′
k,k′
(
a
(n+m)†
µ(j)
(λˆa)jk a
(m)
µ(k)
) (
a
(n′+m′)†
µ(j
′) (λˆb)j′k′ a
(m′)
µ(k
′)
)
×
× e−
i
2
ad
←−
Hp θ
pq Hq . (36)
From this follows the deformed KM algebra:
Jˆ (n)a
(
ei ad
←−
Hp θ
pq ad
−→
H q
)
Jˆ
(n′)
b − Jˆ
(n′)
b
(
ei ad
←−
Hp θ
pq ad
−→
H q
)
Jˆ (n)a =
= i Cab
cJˆ (n+n
′)
c + k n δab δ
n+n′,0 e−i(µ
(j)+µ(j
′))p θpq (µ(k)+µ(k
′))q , (37)
with k, being the level of the KM algebra, is 1 for the osillator onstrution. Observe that
in this ase the ommutator dening the KM algebra has been deformed.
b). From Diret Deformation of KM Generators
We an express the KM algebra in a new basis where λa are exhanged for Hi, Eα (in the
dening representation). This then gives KM generators J
(n)
i , J
(n)
α , α being SU(N) roots.
Roots being speial instanes of weights, we an also write the basis as J
(n)
i , J
(n)
µ(s)
. Now
we dispense with osillators and onsider any level k of the KM algebra. Aording to our
presriptions, the deformed siblings of the KM basis elements are
J˜
(n)
i = J
(n)
i
J˜
(n)
µ(s)
= J
(n)
µ(s)
e
i
2
µ
(s)
p θ
pq Hq . (38)
If we put Eµ(s) for λa, µ
(s)
being a root, then it has nonvanishing matrix elements only for
µ(j) − µ(k) = µ(s). So (38) is almost the same as (30), but not quite. Equation (30) has the
extra phase
e
i
2
µ
(j)
p θ
pq µ
(k)
q
inside the sum. Substituting µ(j) = µ(k) + µ(s) and using the antisymmetry of θpq, this
simplies to
e
i
2
µ
(s)
p θ
pq µ
(k)
q .
So it appears that the two deformations are dierent.
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The algebrai struture of J˜
(n)
µ(s)
is simple. Clearly[
J˜
(n)
i , J˜
(m)
j
]
= k n δij δ
n+m,0
(39)[
J˜
(n)
i , J˜
(m)
µ(s)
]
, = µ
(s)
i J˜
(n+m)
µ(s)
. (40)
Also [
J˜
(n)
µ(s)
e−
i
2
µ
(s)
p θ
pq Hq , J˜
(m)
µ(t)
e
− i
2
µ
(t)
p′
θp
′q′ Hq′
]
=
[
J
(n)
µ(s)
, J
(m)
µ(t)
]
= Nst J
(n+m)
µ(s)+µ(t)
(41)
where
Nst 6= 0⇐⇒ µ
(s) + µ(t) is a root .
Hene, the LHS of (41) is equal to
Nst J˜
(n+m)
µ(s)+µ(t)
e
− i
2(µ
(s)+µ(t))
p
θpq Hq
. (42)
). Hopf Struture of Deformations
The existene of a oprodut ∆ is an essential property of a symmetry algebra. With the
help of ∆, we an ompose subsystems transforming by the symmetry algebra and dene
the ation of the latter on the omposite system. An algebra with a oprodut ∆ is known
as a oalgebra.
If the symmetry algebra has a more rened struture and is Hopf (and not just a oal-
gebra), then it has all the essential features of a group. In this ase, we an regard it as a
quantum group of symmetries generalising lassial symmetry groups [14℄.
General deformations of a Hopf algebra suh as the KM algebra need not preserve its
Hopf struture. We now show that J˜
(m)
µ(s)
is in fat a basis of generators for a Hopf algebra.
The situation as regards Jˆ
(n)
a is less lear.
Both J
(m)
µ(s)
and Hq are elements of a Hopf algebra. In fat J
(0)
µ(s)
and Hq generate (omplex-
ied) su(N) Lie algebra. From the expression for J˜
(m)
µ(s)
, we see that J˜
(m)
µ(s)
is also an element
of the same Hopf algebra establishing the laim. If ∆ is the oprodut, we an write
∆
(
J˜
(m)
µ(s)
)
= ∆
(
J
(m)
µ(s)
)
e
i
2
µ
(s)
p θ
pq ∆(Hq) , (43)
∆ on KM generators having familiar expressions suh as
∆(Hq) = 1⊗Hq +Hq ⊗ 1 .
As regards Jˆ
(n)
a , we do not have an answer. They do not seem to be elements of the
enveloping algebra of the KM algebra.
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d). Remarks
In both the osillator and KM deformations, there is a supersript suh as (n) identifying
the mode. It is passive in the proess of deformation: the antisymmetri deformation matrix
θ = (θµν) is independent of n.
We an make it depend on n. We an replae θ by θ(n) = θ
(n)
µν in the preeding onstru-
tion, thereby obtaining very general deformations. We will not study this generalisation in
this paper.
We an also deform SU(2) KM and its Virasoro algebras by twisting the Shwinger
osillators of SU(2) following setion 2 iv). That leads to the deformed SU(2) KM urrents
similar to Jˆ
(m)
µ(s)
above.
iii). Virasoro Algebra
The Virasoro algebra an be realised from the KM algebra by the Sugawara onstrution.
Its generators Ln an be written as
Ln =
1
2k + CN
: J (m+n)a J
(−m)
a : , (44)
where k is the level of the KM algebra, and CN is the eigenvalue of the Casimir operator of
SU(N).
Here : : denotes normal ordering with regards to the urrents Ja. Those with positive
supersripts stand to the right, and we have reverted to the original subsripts a. Deformed
urrents in RHS of (44) will then deform the Virasoro algebra as well.
The entral role of the Virasoro algebra in physis is as a symmetry algebra. That
suggests that its deformation from J˜
(n)
a is more interesting. So we fous on the deformation
from J˜
(n)
µ(s)
. They deform Ln to
L˜n =
1
2k + CN
∑
m
: J˜ (m+n)a J˜
(−m)
a :
Using (38), we an write
L˜n =
1
2k + CN
∑
m
: J
(m+n)
µ(s)
J
(−m)
−µ(s)
+ J
(m+n)
i J
(−m)
i : , (45)
where we used µ
(s)
p θpq (−µ
(s)
q ) = 0. Thus in this approah the Virasoro algebra is not
deformed at all.
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For an implementation of the quantum onformal invariane in the 2−d Moyal plane see
[15℄.
5. ON STATISTICS
Suppose we have a free quantum salar eld ϕ on the ommutative manifold Rd+1 with
the Fourier expansion
ϕ(x) =
∫
dµ(p)
[
c(p) ep(x) + c
†(p) e−p(x)
]
,
p · x = p0 x0 − ~p · ~x , ep(x) = e
−i p·x , dµ(p) =
1
(2π)
d
2
ddp
2|p0|
, p0 =
√
~p2 +m2 ,
where x0 and ~x are the time and spae oordinates, and m is the mass of ϕ. The reation
and annihilation operators fulll the standard ommutation relations
[
c(p), c†(p′)
]
= 2 |p0| δ
d(p′ − p),
[
c†(p), c†(p′)
]
= [c(p), c(p′)] = 0.
We an now twist c(p) and c†(p) to
a(p) = c(p) e−
i
2
pµ θ
µν Pν , a†(p) = c†(p) e
i
2
pµ θ
µν Pν
(46)
where p0 and ~p are energy and momentum and Pµ is the translation operator,
Pµ :=
∫
dµ(p)pµc
†(p)c(p) =
∫
dµ(p)pµa
†(p)a(p), (47)
[
Pµ, a
†(p)
]
= pµ a
†(p) , [Pµ, a(p)] = −pµ a(p) . (48)
The Pµ operator is the analogue of Qµ. It was studied in [7, 8, 13, 16℄. The twist of c's
twists statistis sine a's and a†'s no longer fulll standard relations:
a(p) a(p′) = a(p′) a(p) ei pµ θ
µνp′ν , a†(p) a†(p′) = a†(p′) a†(p) ei pµ θ
µνp′ν ,
a(p) a†(p′) = 2|p0| δ
d(p− p′) + a†(p′) a(p) e−i pµ θ
µν p′ν .
The impliation of this twist is that the n-partile wave funtion ψk1···kn ,
ψk1,··· ,kn(x1, . . . , xn) = 〈0|ϕ(x1)ϕ(x2) . . . ϕ(xn) a
†
kn
a
†
kn−1
. . . a
†
k1
|0〉
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is not symmetri under the interhange of ki. Rather it fullls a twisted symmetry:
ψk1···ki ki+1···kn = e
−i ki,µ θ
µν ki+1,ν ψk1···ki+1 ki···kn . (49)
This twisted statistis by the following hain of onnetions implies that spaetime is the
Moyal plane with
ep ∗θ ep′ = e
− i
2
pµ θ
µν p′ν ep+p′ . (50)
The hain is as follows: Let g be an element of the Lorentz group without time-reversal.
For θµν = 0, it ats on ψk1···kn by the representative g ⊗ g ⊗ · · · ⊗ g (n fators) ompatibly
with the symmetry of ψk1···kn . This ation is based on the oprodut
∆0(g) = g ⊗ g .
But for θµν 6= 0, and for g 6= identity, already for n = 2,
∆0(g) ψk1,k2 = ψgk1,gk2 = e
−i k1,µ θµν k2,ν ∆0(g) ψk2,k1 =
= e−i k1,µ θ
µν k2,ν ψgk2,gk1 6= e
−i (g k1)µ θµν (g k2)ν ψgk2,gk1 .
Thus the naive oprodut ∆0 is inompatible with the statistis (49). It has to be twisted
to
∆θ(g) = F
−1
θ (g ⊗ g)Fθ , Fθ = e
i
2
∂µ⊗θµν∂ν
(51)
for suh ompatibility.
But then ∆θ is inompatible with the ommutative multipliation map m0:
m0(ep ⊗ ep′) = ep+p′ .
That is,
m0 [∆θ(g)(ep ⊗ ep′)] 6= g ep+p′ .
We are fored to hange m0 to
mθ = m0 Fθ
for this ompatibility, that is, to preserve spaetime symmetries as automorphisms. Sine
mθ(ep ⊗ ep′) = ep ∗ ep′ ≡ e
− i
2
pµ θ
µν p′ν ep+p′ , (52)
we end up with the Moyal plane.
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Thus statistis an lead to spaetime nonommutativity. This idea is being studied further
by our group.
In general, when we twist reation and annihilation operators suh as a
†
λ and aλ, then
we twist statistis just as in the Moyal ase (50). The spatial slie assoiated with these
operators an be the N-torus TN if λi ∈ Z, with oordinates (e
i θ1 , ei θ2, . . . , ei θN ). The eld
operator at a xed time is then ϕ where
ϕ(ei θ1 , ei θ2 , . . . , ei θN ) =
∑
{λ1}
[
aλ e
−i
P
i λiθi + a†λ e
i
P
i λiθi
]
, (53)
where we have assumed for simpliity that ϕ† = ϕ. Then the torus algebra is twisted for
the same reason as in the Moyal ase. If eλ denotes the funtion with values
eλ(e
i θ1, ei θ2 , . . . , ei θN ) = e−i
P
i λiθi ,
then their produt ∗ is dened by
eλ ∗ eλ′ = e
i λµ θ
µν λ′ν eλ+λ′ . (54)
That is we get bak the twisted C∞(TN) algebra of (7).
If there is a olletion of osillators indexed by n as in setion 4 i), or equally KM genera-
tors with index n, it is more reasonable to regard them as assoiated C∞(S1). For example,
Ja(θ) =
∑
J (n)a en(e
i θ) ,
en(e
i θ) = e−i n θ .
This expansion is the known one for the generators of the Lie algebra of the entrally
extended loop group.
In this ase, a beomes an internal index. There is perhaps still an interpretation of the
deformation in terms of statistis of internal exitations assoiated with a. But C∞(S1) =
C∞(T 1) annot be deformed like C∞(TN) for N ≥ 2. So what these deformations have to
do with spaetime twists is not lear.
6. FINAL REMARKS
As remarked earlier, deformations like those we onsider appeared rst in quantum group
theory. Reently, they found onrete appliations in disussions of quantum theories on the
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Moyal plane and in partiular Pauli priniple violations and the absene of UV-IR mixing
[7, 8, 13℄. Further appliations exist. The twists of the Moyal plane are those of the world
volume. We an also twist the target of elds with striking results. Work on suh twists is
now being written up [17℄.
As mentioned earlier, reently, Fairlie and Zahos proposed an atavisti algebra [9℄,
whih is based on the osillator algebra. They also alled attention to the possible quantum
eld theoretial appliations of their algebra.
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